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n-TUPLE FIXED POINT IN φ-ORDERED G-METRIC SPACES
YAE´ ULRICH GABA1,2 AND COLLINS AMBURO AGYINGI2
Abstract. We use three seminal approaches in the study of fixed point theory, the so called
G-metrics, multidimensional fixed points and partially ordered spaces. More precisely, we
extend known results from the theory of quasi-pseudometric spaces to the G-metric space
setting. In particular, we show the existence of n-tuple fixed points (resp. common n-tuple
fixed point) for a non-decreasing mapping (resp. a pair of weakly related mappings) in a
φ-ordered G-metric space.
1. Introduction and preliminary results.
Metric spaces have been extensively used to solve major problems appearing in quantitative
sciences and considering various generalizations of metrics and metric spaces is a natural
step in order to broaden the scope of applied sciences. In this regard, G-metric spaces (Gb-
metric spaces), cone metric spaces and quasi-pseudometric spaces are relevant instances.
Most of these applications are done via fixed point theory whose relevance is no more to be
demonstrated as it has been extensively discussed in many divisions of applied sciences.
Recently, the study of multidimensional fixed point has been at the center of very active
research, see [6, 7, 8, 9]. The results obtained appear both in metric spaces and in generalized
metric spaces, of which G-metrics is our space of focus here (see [5]).
In this article, we replace the left K-complete quasi-pseudometric spaces (X, d) by φ-ordered
complete G-metric spaces (X,G) and prove some fixed point theorems in that setting. Our
results generalized some fixed point theorems in quasi-pseudometric spaces [3, 4]. Namely,
we study the notion of coupled (resp. n-tuple) fixed points in the setting of G-metric spaces
endowed with a partial order. As we mentioned in [3] (and it is the same in the present
manuscript), the technique of proof employed differs from the classical one and is more
natural in the sense that we do not utilize any contractive conditions. Furthermore, our
approach does not differentiate between G-metric spaces and Gb-metric spaces.
Throughout this manuscript, X will be a non-empty set and  will denote a preorder on X
induced by a certain function φ. Given n ∈ N with n ≥ 2, Xn will denote the product space
X × X × . . .X of n identical copies of X . In the next few lines, we recall some concepts
and fix our notations. We shall only recall the necessary notions. The interested reader is
referred to [3, 5] for a more detailed expose´. The results presented are a generalization of a
previous work by Gaba[3].
Definition 1.1. (Compare [3]) Let (X,
X
) and (Y,
Y
) be two prosets. A map T : X → Y
is said to be preorder-preserving or isotone if for any x, y ∈ X,
x 
X
y =⇒ Tx 
Y
Ty.
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Similarly, for any family (Xi,Xi ), i = 1, 2, · · · , n; (Y,Y ) of posets, a mapping F : X1 ×
X2 × · · · × Xn → Y is said to be preorder-preserving or isotone if for any for any
(x1, x2, · · · , xn), (z1, z2, · · · , zn) ∈ X1 ×X2 × · · · ×Xn,
xi Xi zi for all i = 1, 2, · · · , n =⇒ F (x1, x2, · · · , xn) Y F (z1, z2, · · · , zn).
Next we recall the basic concepts and notations attached to the idea of G-metric. This can
be read extensively in [5].
Definition 1.2. (See [5, Definition 3]) Let X be a nonempty set, and let the function
G : X ×X ×X → [0,∞) satisfy the following properties:
(G1) G(x, y, z) = 0 if x = y = z whenever x, y, z ∈ X ;
(G2) G(x, x, y) > 0 whenever x, y ∈ X with x 6= y;
(G3) G(x, x, y) ≤ G(x, y, z) whenever x, y, z ∈ X with z 6= y;
(G4) G(x, y, z) = G(x, z, y) = G(y, z, x) = . . ., (symmetry in all three variables);
(G5)
G(x, y, z) ≤ [G(x, a, a) +G(a, y, z)]
for any points x, y, z, a ∈ X .
Then (X,G) is called a G-metric space.
Definition 1.3. (See [5]) Let (X,G) be aG-metric space, and let {xn} be a sequence of points
of X , therefore, we say that (xn) is G-convergent to x ∈ X if limn,m→∞G(x, xn, xm) = 0,
that is, for any ε > 0, there exists N ∈ N such that G(x, xn, xm) < ε, for all, n,m ≥ N . We
call x the limit of the sequence and write xn → x or limn→∞ xn = x.
Proposition 1.4. (Compare [5, Proposition 6]) Let (X,G) be a G-metric space. Define on
X the metric dG by dG(x, y) = G(x, y, y)+G(x, x, y) whenever x, y ∈ X. Then for a sequence
(xn) ⊆ X, the following are equivalent
(i) (xn) is G-convergent to x ∈ X.
(ii) limn,m→∞G(x, xn, xm) = 0.
(iii) limn→∞ dG(xn, x) = 0.
(iv) limn→∞G(x, xn, xn) = 0.
(v) limn→∞G(xn, x, x) = 0.
Definition 1.5. (See [5]) Let (X,G) be a G-metric space. A sequence {xn} is called a
G-Cauchy sequence if for any ε > 0, there is N ∈ N such that G(xn, xm, xl) < ε for all
n,m, l ≥ N , that is G(xn, xm, xl) → 0 as n,m, l → +∞. We shall use interchangeably
“G-Cauchy sequence in a G-metric space” or “Cauchy sequence in a G-metric space”.
Proposition 1.6. (Compare [5, Proposition 9])
In a G-metric space (X,G), the following are equivalent
(i) The sequence (xn) ⊆ X is G-Cauchy.
(ii) For each ε > 0 there exists N ∈ N such that G(xn, xm, xm) < ε for all m,n ≥ N .
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Definition 1.7. (Compare [5, Definition 9]) A G-metric space (X,G) is G-complete if every
G-Cauchy sequence of elements of (X,G) is G-convergent in (X,G). We shall use inter-
changeably “G-complete G-metric space” or “complete G-metric space”.
Theorem 1.8. (See [5]) A G-metric G on a G-metric space (X,G) is continuous on its
three variables.
Definition 1.9. Let (X,G) be a G-metric space. A function T : X → X is called sequen-
tially continuous if for any G-convergent sequence (xn) with xn −→ x, the sequence (Txn)
G-converges to Tx, i.e. Txn −→ Tx.
Similarly, a function T : X1 × X2 × · · · × Xn → X for n ≥ 2, is said to be sequentially
continuous if for any sequences (xil) such that x
i
l −→ x
∗,i, then
T (xil, x
i+1
l , · · · , x
n
l , x
i
l, · · · , x
i−1
l ) −→ T (x
∗,i, x∗,i+1, · · · , x∗,n, x∗,1, · · · , x∗,i−1).
Definition 1.10. (Compare [1]) An element (x1, x2, · · · , xn) ∈ Xn is called:
(E1) a n-tuple fixed point of the mapping F : Xn → X if
F (xi, xi+1, · · · , xn, x1, · · · , xi−1) = xi, for all i, 1 ≤ i ≤ n.
(E2) a n-tuple coincidence point of the mappings F : Xn → X and T : X → X
if F (xi, xi+1, · · · , xn, x1, · · · , xi−1) = Txi for all i, 1 ≤ i ≤ n and in this case
(Tx1, Tx2, · · · , Txn) is called the n-tuple point of coincidence;
(E3) a common n-tuple fixed point of the mappings F : Xn → X and T : X → X if
F (xi, xi+1, · · · , xn, x1, · · · , xi−1) = Txi = xi for all i, 1 ≤ i ≤ n.
Definition 1.11. (Compare [3])
An element (x1, x2, · · · , xn) ∈ Xn is called
(D1) a n-tuple coincidence point of the mappings F : Xn → X and T,R : X → X if
F (xi, xi+1, · · · , xn, x1, · · · , xi−1) = Txi = Rxi for all i, 1 ≤ i ≤ n;
(D2) a common n-tuple fixed point of the mappings F : Xn → X and T,R : X → X
if F (xi, xi+1, · · · , xn, x1, · · · , xi−1) = Txi = Rxi = xi for all i, 1 ≤ i ≤ n.
2. n-tuple fixed point
We first prove the following lemma:
Lemma 2.1. (Compare [3, Lemma 3.1.]) Let (X,G) be a G-metric space and φ : X → R a
map. Define the binary relation ”  ” on X as follows:
x  y ⇐⇒ G(x, y, y) ≤ φ(y)− φ(x).
Then ”  ” is a preorder on X. It will be called the preorder induced by φ.
Proof.
• Reflexivity: For all x ∈ X ;
0 = G(x, x, x) ≤ φ(x)− φ(x) = 0,
hence x  x, i.e., ”” is reflexive.
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• Transitivity: For x, y, z ∈ X s.t. x  y and y  z, we have
G(x, y, y) ≤ φ(y)− φ(x) and G(y, z, z) ≤ φ(z)− φ(y).
By property (G5), we have
G(x, z, z) ≤ G(x, y, y) +G(y, z, z) ≤ φ(y)− φ(x) + φ(z)− φ(y) = φ(z)− φ(x),
i.e. x  z. Thus, ”” is transitive, and so the relation ”” is a preorder on X .

Example 2.2. Let X = [0,∞) and G(x, y, z) = max{x, y, z}, then (X,G) is a G-metric
space. Let φ : X → R, φ(x) = 2x. Then for x, y ∈ X
x φ y := x  y ⇐⇒ G(x, y, y) ≤ φ(y)− φ(x)
⇐⇒ max{x, y} ≤ 2y − 2x.
It follows that
2  4,
1
4

1
2
, 2  2,
whereas 3 is not comparable to 2 and 6 is not comparable to 5, etc. Therefore X is a
φ-ordered G-metric space.
Remark 2.3. Note that (X,φ) is just a preordered space in general. However, if the G-
metric G is symmetric, i.e. G(x, y, y) = G(y, x, x), then (X,φ) is an ordered space.
Now we prove the following theorem.
Theorem 2.4. Let (X,G) be a complete G-metric space, φ : X → R be a bounded from
above function and “” the preorder induced by φ. Let F : Xn → X, n ≥ 2 be a preorder
preserving and sequentilally continuous mapping on Xn such that there exist n elements
x10, · · · , x
n
0 ∈ X with
xi0  F (x
i
0, x
i+1
0 , · · · , x
n
0 , x
1
0, · · · , x
i−1
0 ) for all i, 1 ≤ i ≤ n.
Then F has a n-tuple fixed point in Xn.
Proof. Let x10, · · · , x
n
0 ∈ X with
xi0  F (x
i
0, x
i+1
0 , · · · , x
n
0 , x
1
0, · · · , x
i−1
0 ) for all i, 1 ≤ i ≤ n.
We construct the sequences (xil)l for 1 ≤ i ≤ n as follows:
xil+1 = F (x
i
l, x
i+1
l , · · · , x
n
l , x
1
l , · · · , x
i−1
l ), for all i, 1 ≤ i ≤ n. (2.1)
We shall show that
xil  x
i
l+1 for all l ≥ 0. (2.2)
We use mathematical induction. Since xi0  F (x
i
0, x
i+1
0 , · · · , x
n
0 , x
1
0, · · · , x
i−1
0 ), we have x
i
0 
xi1. Thus (2.2) holds for l = 0. Suppose that (2.2) holds for some k > 0. Then since
xik  x
i
k+1 and F is preorder preserving, we have
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xik+1 = F (x
i
k, x
i+1
k , · · · , x
n
k , x
1
k, · · · , x
i−1
k ) (2.3)
 F (xik+1, x
i+1
k+1, · · · , x
n
k+1, x
1
k+1, · · · , x
i−1
k+1) (2.4)
= xik+2 (2.5)
Thus by mathematical induction we conclude that (2.2) holds for all l ≥ 0. Therefore
xi0  x
i
1  x
i
2  x
i
3  · · ·  x
i
l  · · · .
By definition of the preorder, we have
φ(xi0) ≤ φ(x
i
1) ≤ φ(x
i
2) ≤ φ(x
i
3) ≤ · · · ≤ φ(x
i
l) ≤ · · · .
Hence, the sequence (φ(xil)) is a non-decreasing sequence of real numbers. Since φ is bounded
from above, the sequence (φ(xil)) converges and is therefore Cauchy. This entails that for
any ǫ > 0, there exists n0 ∈ N such that for any q > p > n0 , we have φ(x
i
q) − φ(x
i
p) < ǫ.
Since whenever q > p > n0, x
i
p  x
i
q it follows that
G(xip, x
i
q, x
i
q) ≤ φ(x
i
q)− φ(x
i
p) < ǫ.
We conclude that (xil) is a G-Cauchy in the complete space (X,G), hence there exists x
∗,i ∈ X
such that xil −→ x
∗,i. Since F is sequentially continuous, we have
xil+1 −→ x
∗,i ⇐⇒ xil+1 = F (x
i
l, x
i+1
l , · · · , x
n
l , x
1
l , · · · , x
i−1
l ) −→ x
∗,i
⇐⇒ F (x∗,i, x∗,i+1, · · · , x∗,n, x∗,1, · · · , x∗,i−1) = x∗,i.
Thus we have proved that (x∗,1, · · · , x∗,n) is a n-tuple fixed point of F .

Example 2.5. We take n = 3. Let X = [0,∞) and G(x, y, z) = max{|x−y|, |x−z|, |y−z|},
then (X,G) is a complete G-metric space and ”≤” is the ordering induced by φ(x) = 2x.
Let F : X ×X → X be defined as follows:
F (x, y, z) = x(1 + y)(2 + z)
and F is obviously a non-decreasing function on X .
If we let x0 = 1 and y0 = z0 = 0 then
F (x0, y0, z0) = 1(1 + 0)(2 + 0) = 2, F (y0, z0, x0) = 0(1 + 0)(2 + 1) = 0
and
F (z0, x0, y0) = 0(1 + 1)(2 + 0) = 0.
So we see that
x0 ≤ F (x0, y0, z0), y0 ≤ F (y0, z0, x0) and z0 ≤ F (z0, x0, y0).
Also
F (0, y, z) = 0(1 + y)(2 + z) = 0, F (0, z, x) = 0(1 + z)(2 + x) = 0,
and
F (0, x, y) = 0.(1 + x)(2 + y) = 0.
Hence (0, 0, 0) is a 3-tuple fixed point of F.
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3. Common n-tuple fixed point
Now we define the concept of weakly related mappings on preordered spaces as follows:
Definition 3.1. (See [3]) Let (X,) be a preordered space, and F : Xn → X and g : X → X
be two mappings. Then the pair {F, g} is said to be weakly related if the following
condition is satisfied:
(C1)
F (xi, xi+1, · · · , xn, x1, · · · , xi−1)  gF (xi, xi+1, · · · , xn, x1, · · · , xi−1)
and
gxi  F (gxi, gxi+1, · · · , gxn, gx1, · · · , gxi−1)
for all 1 ≤ i ≤ n.
Now we state and prove the first common n-tuple fixed point existence theorem for the
weakly related mappings.
Theorem 3.2. Let (X,G) be a complete G-metric space, φ : X → R be a bounded from
above function and “” the preorder induced by φ. Let F : Xn → X, n ≥ 2 and g : X → X
be two sequentilally continuous mapping on X such that the pair {F, g} is weakly related. If
there exist n elements x10, · · · , x
n
0 ∈ X with
xi0  F (x
i
0, x
i+1
0 , · · · , x
n
0 , x
1
0, · · · , x
i−1
0 ) for all i, 1 ≤ i ≤ n.
Then F and g have a common n-tuple fixed point in Xn.
Proof. Let x10, · · · , x
n
0 ∈ X
xi0  F (x
i
0, x
i+1
0 , · · · , x
n
0 , x
1
0, · · · , x
i−1
0 ) for all i, 1 ≤ i ≤ n. (3.1)
We construct the sequences (xil)l for 1 ≤ i ≤ n as follows:
xi2l+1 = F (x
i
2l, x
i+1
2l , · · · , x
n
2l, x
1
2l, · · · , x
i−1
2l ) (3.2)
and
xi2l+2 = gx
i
2l+1,
for all l ≥ 0.
We shall show that
xil  x
i
l+1 for all l ≥ 0. (3.3)
Since xi0  F (x
i
0, x
i+1
0 , · · · , x
n
0 , x
1
0, · · · , x
i−1
0 ), using (3.1), we have x
i
0  x
i
1. Again since the
pair {F, g} is weakly related, we have
xi1 = F (x
i
0, x
i+1
0 , · · · , x
n
0 , x
1
0, · · · , x
i−1
0 )  gF (x
i
0, x
i+1
0 , · · · , x
n
0 , x
1
0, · · · , x
i−1
0 )
= gxi1 = x
i
2,
i.e
xi1  x
i
2.
Also, since gxi1  F (gx
i
1, gx
i+1
1 , · · · , gx
n
1 , gx
1
1, · · · , gx
i−1
1 ), we have
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xi2 = gx
i
1  F (gx
i
1, gx
i+1
1 , · · · , gx
n
1 , Gx
1
1, · · · , gx
i−1
1 )
= F (xi2, x
i+1
2 , · · · , x
n
2 , x
1
2, · · · , x
i−1
2 ) = x
i
3,
i.e
xi2  x
i
3.
Thus by mathematical induction we conclude that (3.3) holds for all l ≥ 0. Therefore
xi0  x
i
1  x
i
2  x
i
3  · · ·  x
i
l  · · · .
By definition of the preorder, we have
φ(xi0) ≤ φ(x
i
1) ≤ φ(x
i
2) ≤ φ(x
i
3) ≤ · · · ≤ φ(x
i
l) ≤ · · · .
Hence, the sequence (φ(xil)) is a non-decreasing sequence of real numbers. Since φ is bounded
from above, the sequence (φ(xil)) converges and is therefore Cauchy. This entails that for
any ǫ > 0, there exists n0 ∈ N such that for any q > p > n0 , we have φ(x
i
q) − φ(x
i
p) < ǫ.
Since whenever q > p > n0, x
i
p  x
i
q it follows that
G(xip, x
i
q, x
i
q) ≤ φ(x
i
q)− φ(x
i
p) < ǫ.
We conclude that (xil) is a G-Cauchy sequence in X and since X is G-complete space, there
exists x∗,i ∈ X such that xil −→ x
∗,i.
Since F and g are sequentially continuous, it is easy to see that
xi2l+1 −→ x
∗,i ⇐⇒ xi2l+1 = F (x
i
2l, x
i+1
2l , · · · , x
n
2l, x
1
2l, · · · , x
i−1
2l ) −→ x
∗,i
⇐⇒ F (x∗,i, x∗,i+1, · · · , x∗,n, x∗,1, · · · , x∗,i−1) = x∗,i,
and
xi2l+2 −→ x
∗,i ⇐⇒ xi2l+2 = gx
i
2l+1 −→ x
∗,i ⇐⇒ gx∗,i = x∗,i.
and hence
gx∗,i = x∗,i = F (x∗,i, x∗,i+1, · · · , x∗,n, x∗,1, · · · , x∗,i−1).
Hence (x∗,1, · · · , x∗,n) is a common n-tuple fixed point of F and g. 
Example 3.3. Let X = [0,∞) and G(x, y, z) = max{|x − y|, |x− z|, |y − z|}, then (X,G)
is a complete G-metric space. For any positive real number a, let φa : X → R be defined by
φa(x) = ax, and  be the preorder induced by φa. We define F : X
n → X and g : X → X
as follows
F (x1, x2, · · · , xn) = x1 + | sin(x1x2 · · · , xn)| and gx = 5x
If we let x10 = 1 and x
i
0 = 0 for i = 2, · · · , n then F (x
1
0, x
2
0, x
n
0 ) = 1 + 0 = 1 and
F (xi0, x
i+1
0 , · · · , x
n
0 , x
1
0, · · · , x
i−1
0 ) = 0 for i = 2, · · · , n.
So
xi0  F (x
i
0, x
i+1
0 , · · · , x
n
0 , x
1
0, · · · , x
i−1
0 ) for all i, 1 ≤ i ≤ n.
We have on one hand
gF (xi, xi+1, · · · , xn, x1, · · · , xi−1) = 5(xi + | sin(x1x2 · · · , xn)|),
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i.e.
F (xi, xi+1, · · · , xn, x1, · · · , xi−1)  gF (xi, xi+1, · · · , xn, x1, · · · , xi−1),
and on the other hand,
F (gxi, gxi+1, · · · , gxn, gx1, · · · , gxi−1) = F (5xi, 5xi+1, · · · , 5xn, 5x1, · · · , 5xi−1)
= 5xi + | sin(5nx1x2 · · · , xn)|,
i.e.
gxi  F (gxi, gxi+1, · · · , gxn, gx1, · · · , gxi−1).
And so the pair {F, g} is weakly related. Again, it is not hard to see that F and g are
sequentially continuous mappings. Hence we see that all the conditions of Theorem 3.2 are
satisfied. Also we have
F (0, xi, xi+1, · · · , xn, x1, · · · , xi−1) = 0
for i = 1, · · ·n and g(0) = 0. Thus (0, · · · , 0)
︸ ︷︷ ︸
n
is a common n-tuple fixed point for F and g.
Now, we present a result on n-tuple fixed point for a family of three maps.
Theorem 3.4. Let (X, d) be a complete G-metric space, φ : X → R be a bounded from above
function and “” the preorder induced by φ. Let F : Xn → X, n ≥ 2 and G,H : X → X
be three sequentilally continuous mapping on X such that the pairs {F,G} and {F,H} are
weakly related. Then F,H and G have a n-tuple fixed point.
Proof. Let x10, · · · , x
n
0 ∈ X . We construct the sequences (x
i
l)l in X as follows:
Hxi3l−3 = x
i
3l−2, x
i
3l = Gx
i
3l−1
and
xi3l−1 = F (x
i
3l−2, x
i+1
3l−2 · · · , x
n
3l−2, x
1
3l−2, · · · , x
i−1
3l−2)
for all l ≥ 1. We shall show that
xil  x
i
l+1 for all l ≥ 0. (3.4)
We have xi1 = Hx
i
0. Since the pair {F,H} is weakly related, we have
xi1 = Hx
i
0  F (Hx
i
0, Hx
i+1
0 , · · · , Hx
n
0 , Hx
1
0, · · · , Hx
i−1
0 ) = x
i
2.
Again since the pair {F,G} is weakly related, we have
xi2 = F (Hx
i
0, Hx
i+1
0 , · · · , Hx
n
0 , Hx
1
0, · · · , Hx
i−1
0 )
 GF (Hxi0, Hx
i+1
0 , · · · , Hx
n
0 , Hx
1
0, · · · , Hx
i−1
0 ) = Gx
i
2 = x
i
3.
Similarly, using repeatedly the fact that the pairs {F,G} and {F,H} are weakly related, we
get
xi0  x
i
1  x
i
2  x
i
3  · · ·  x
i
l  · · · .
By definition of the preorder, we have
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φ(xi0)  φ(x
i
1)  φ(x
i
2)  φ(x
i
3)  · · ·  φ(x
i
l)  · · · .
Hence, the sequence (φ(xil)) is a non-decreasing sequence of real numbers. Since φ is bounded
from above, the sequence (φ(xil)) converges and is therefore Cauchy. This entails that for
any ǫ > 0, there exists n0 ∈ N such that for any q > p > n0 , we have φ(x
i
q) − φ(x
i
p) < ǫ.
Since whenever q > p > n0, x
i
q  x
i
p it follows that
d(xip, x
i
x, xq) ≤ φ(x
i
q)− φ(x
i
p) < ǫ.
We conclude that (xil) is a G-Cauchy sequence in X and since X is G-complete, there exists
x∗,i ∈ X such that xil −→ x
∗,i. Since F,G and H are sequentially continuous, it is easy to
see that
xi3l−1 −→ x
∗,i ⇐⇒ F (xi3l−2, x
i+1
3l−2, · · · , x
n
3l−2, x
1
3l−2, · · · , x
i−1
3l−2) −→ x
∗,i
⇐⇒ F (x∗,i, x∗,i+1, · · · , x∗,n, x∗,1, · · · , x∗,i−1) = x∗,i,
and
xi3l −→ x
∗,i ⇐⇒ xi3l = Gx
i
3l−1 −→ x
∗,i ⇐⇒ Gx∗,i = x∗,i,
and
xi3l−2 −→ x
∗,i ⇐⇒ xi3l−2 = Hx
i
3l−3 −→ x
∗,i ⇐⇒ Hx∗,i = x∗,i.
Therefore
Hx∗,i = Gx∗,i = x∗,i = F (x∗,i, x∗,i+1, · · · , x∗,n, x∗,1, · · · , x∗,i−1).
Hence (x∗,1, · · · , x∗,n) is a common n-tuple fixed point of F,G and H .

Example 3.5. Let X = [0,∞) and d(x, y, z) = max{|x− y|, |x− z|, |y − z|}, then (X, d) is
a complete G-metric space. For any positive real number a, let φa : X → R be defined by
φa(x) = ax, and  be the preorder induced by φa. We define F : X
n → X , G : X → X and
H : X → X as follows
F (x1, x2, · · · , xn) = x1 + | sin(x1x2 · · · , xn)|, Gx = 5x , and Hx = 6x.
The pairs {F,G} and {F,H} are weakly related. Again, it is not hard to see that F,G and
G are d-sequentially continuous mappings on X . Hence we see that all the conditions of our
theorem are satisfied. Also we have
F (0, xi, xi+1, · · · , xn, x1, · · · , xi−1) = 0
for i = 1, · · ·n and G(0) = 0 = H(0). Thus (0, · · · , 0)
︸ ︷︷ ︸
n
is a common n-tuple fixed point for
F,G and H .
Before we state our last result, we give the following definition:
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Definition 3.6. (Compare [2, Definition 2.4]) Let (X,) be a preordered set and g, f : X →
X . We say that the pair {g, f} (in this order) is an embedded pair if
g(x)  f(g(x)), whenever x ∈ X.
We shall say that the family {G1, G2, · · · , Gn} (in this order) is a n-embedded chain if for
all i = 1, · · · , n − 1, the pair {Gi, Gi+1} is an embedded pair. Observe that an embedded
pair is a 2-embedded chain.
We shall say that the family {G1, G2, · · · , Gn} is a dual n-embedded chain if {G1, G2, · · · , Gn}
and {Gn, Gn−1, · · · , G1} are n-embedded chains.
Example 3.7. (Compare [2, Example 2.5]) Let X = [2, π) with the usual order and consider
the pairs F = {F1(x) = 3x, F2(x) = 5x} and G = {G1(x) = sin x+ 1, G2(x) = x
2}.
For any x ∈ X,
F1(x) = 3x ≤ 5(3x) = F2(F1(x)) and F2(x) = 5x ≤ 3(5x) = F1(F2(x)),
showing that F is a dual 2-embedded chain.
On the other way around
x ∈ X,G1(x) = sin x+ 1 ≤ (sin x+ 1)
2 = G2(G1(x)),
showing that G is an embedded pair, while
G2(x) = x
2 > sin(x2) + 1 = G1(G2(x)),
showing that G is not a dual 2-embedded chain.
Using the same approach as suggested in the proof of Theorem 3.4, one can easily establish
that:
Theorem 3.8. Let (Y, d) be a complete G-metric space, φ : X → R be a bounded from above
function and “” the preorder induced by φ. Let F : Y n → Y and Gi : Y → Y ; i = 2, · · · , r
for r > 2 be (r−1)+1 sequentially continuous mapping on Y such that the pairs {F,Gr}; r =
2, 3 are weakly related. Moreover, we assume that {Gr, Gr−1, · · · , G3} is an r − 2-embedded
chain. Then F,G2, · · · , Gr have a common n-tuple fixed point in Y .
Proof. We give here a sketch of the proof.
Let X10 , · · · , X
n
0 ∈ X . Observe that the sequences (X
i
l )l in Y constructed as follows:
GrX
i
rl−r = X
i
rl−r+1, · · · , G3X
i
rl−3 = X
i
rl−2, G2X
i
rl−1 = X
i
rl
and
X irl−1 = F (X
i
rl−2, X
i+1
rl−2, · · · , X
n
rl−2, X
1
rl−2, · · · , X
i−1
rl−2),
for all l ≥ 1. are Cauchy and and since Y is complete, there exist X∗,i ∈ Y such that
X il −→ X
∗,i.
Since F and G2, · · · , Gr are sequentially continuous, it is easy to see that
X irl−1 −→ X
∗,i ⇐⇒ F (X irl−2, X
i+1
rl−2, · · · , X
n
rl−2, X
1
rl−2, · · · , X
i−1
rl−2) −→ X
∗,i
⇐⇒ F (X∗,i, X∗,i+1, · · · , X∗,n, X∗,1 · · · , X∗,i−1) = X∗,i
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and
X irl−r −→ X
∗,i ⇐⇒ X irl−k+1 = GkX
i
rl−k −→ X
∗,i ⇐⇒ GkX
∗,i = X∗,i,
and hence
GkX
∗,i = X∗,i = F (X∗,i, X∗,i+1, · · · , X∗,n, X∗,1 · · · , X∗,i−1).
Hence (X∗,1, X∗,2, · · · , X∗,n) is a common n-tuple fixed point of F and G2, · · · , Gr.

Example 3.9. (Compare [2, Example 2.7])
Let X = [0,∞) and d(x, y, z) = max{|x − y|, |x − z|, |y − z|}, then (X, d) is a complete
G-metric space. For any positive real number a, let φa : X → R be defined by φa(x) = ax,
and  the preorder induced by φa. We define F : X
n → X and G : X → X as follows
F (x1, x2, · · · , xn) = x1 + | sin(x1x2 · · ·xn)| and Gk(x) = kx, k = 2, · · · , r, r > 2.
For k = 1, 2 , we have on one hand,
GkF (x
i, xi+1, · · · , xn, x1, · · · , xi−1) = k(xi + | sin(x1x2 · · ·xn)|),
i.e.
F (xi, xi+1, · · · , xn, x1, · · · , xi−1)  GkF (x
i, xi+1, · · · , xn, x1, · · · , xi−1),
and on the other hand,
F (Gkx
i, Gkx
i+1, · · · , Gkx
n, Gkx
1, · · · , Gkx
i−1) = F (kxi, kxi+1, · · · , kxn, kx1, · · · , kxi−1)
= kxi + | sin(knx1x2 · · ·xn)|,
i.e.
Gkx
i  F (Gkx
i, Gkx
i+1, · · · , Gkx
n, Gkx
1, · · · , Gkx
i−1).
And so the pair {F,Gk} are weakly-related for k = 2, 3. Again, it is not hard to see that F
and Gk, k = 2, · · · , r, are sequentially continuous mappings on X .
Moreover, for any x ∈ [0,∞), kx ≤ k(k−1)x, k = 2, · · · , r, implying that {Gr, Gr−1, · · · , G3}
is an an r − 2-embedded chain. Hence we see that all the conditions of our theorem are
satisfied.
Also we have
F (0, xi, xi+1, · · · , xn, x1, · · · , xi−2) = 0 = Gk(0)
for k = 2, · · · , r and for i = 1, 2, · · · , n.
Thus (0, · · · , 0)
︸ ︷︷ ︸
n
is a common n-tuple fixed point of F,G2, · · · , Gr.
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